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Abstract

We investigate the management of information provision to maximize user en-
gagement. A principal sequentially reveals signals to an agent who has a limited
amount of information processing capacity and can choose to exit at any time. We
identify a “dilution” strategy—sending rare but highly informative signals—that max-
imizes user engagement. The platform’s engagement metric shapes the direction and
magnitude of biases in provided information relative to a user-optimal benchmark.
Even without intertemporal commitment, the platform replicates full-commitment
revenue by inducing the user’s belief to remain “as uncertain as” the prior until the
rare, decisive signal arrives and induces stopping. We apply our results to two con-
texts: an ad-supported internet media platform and a teacher attempting to engage

test-motivated students.
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1 Introduction

Free-to-use online platforms such as Facebook, Instagram, YouTube, and Pinterest are
used by billions of people worldwide and earn substantial profits by displaying advertise-
ments to their users. Their business models are powered by personalized recommendation
algorithms that seek to maximize the “engagement” of each user by selectively displaying
content (Lada et al. [2021], Sequoia [2018]). Large quantities of computing and other re-
sources have been invested by these firms to develop algorithms that can predict billions of
users’ preferences in real time.

A key challenge for these algorithms is to manage users’ incentives. Content is pre-
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sented sequentially in “news feeds,” “recommendations,” or “timelines,” and users can
choose freely what to pay attention to and when to stop using the platform based on the
entire history of content presented thus far. From the platform’s perspective, providing
the most useful content immediately is suboptimal, as a user might become satisfied and
choose to stop using the platform, limiting the quantity of advertisements the platform can
display to the user. On the other hand, if the user anticipates that the platform will never
provide useful content, they will never begin to use the platform in the first place.

A second, subtler challenge is to manage the algorithm’s own “incentives”. As is sug-
gested by the previous paragraph, to maximize users’ ex ante engagement, platforms often
design these algorithms with an initial commitment of providing reliable and wide-ranging
content. Subsequent training of the algorithms based on user interactions, however, can
induce algorithms to behave in a dynamically inconsistent manner. For instance, at a later
time, the algorithm may “learn” to steer users into niche “rabbit holes” (WSJ [2021]) be-
cause doing so delivers short-term engagement gains. When the platform lacks long-term
commitment power, users might question the credibility of the platform’s stated design
goals. It is therefore unclear ex ante whether concerns about dynamic inconsistency mean-
ingfully constrain algorithm design.

Engagement maximization is relevant in many other contexts. We pair the example of
an internet platform engaging a user with a second example, that of a teacher who seeks to
maximize the engagement of a student who cares only about passing a test.! Our theoretical
framework applies to this setting without modification.

We study the optimal design of sequential information presentation from a principal-

agent perspective. The principal (the platform/teacher) provides the agent (the user/student)

'In this example, the teacher chooses the information flow, but the test itself is exogenous. We are grateful
to Emir Kamenica for suggesting this alternative setting as an application of our model.



with information. The agent values this information because it affects the payoff she obtains
when she eventually stops. Our model is agnostic about whether information is valuable for
instrumental reasons (because it helps the agent make a better decision in some decision
problem) or because the agent has an intrinsic motive for information acquisition. The
agent chooses when to stop engaging with the provided information.> The rate at which
the agent can process information is limited, and the agent experiences an opportunity
cost of time spent on the platform. The principal’s goal is to maximize the attention the
agent allocates to the platform (which under some conditions is equivalent in equilibrium to
maximizing the stopping time), and the principal accomplishes this by choosing the nature
of the information provided to the agent. The key modeling assumptions we impose are
that the principal knows perfectly the agent’s preferences and that the principal can flexibly
manipulate the entire information flow.

Two modeling features allow us to derive the rich implications in this environment.
First, our model allows the measures of (i) engagement, (ii) information processing capac-
ity, and (iii) the value of information to differ. This allows our model to capture a rich
set of possible incentive misalignments between the principal and the agent. Second, we
analyze our model both with and without intertemporal commitment, which allows us to
characterize the implications of a requirement for dynamic consistency on the dynamics of
information provision.

Our main result is the characterization of an optimal strategy for the principal. First,
we completely characterize the optimal “overall” information structure (i.e. the signal-state
joint distribution that describes the beliefs the agent will hold when choosing to stop). It
is characterized by the solution to an augmented static rational inattention (RI) problem:
the information structure maximizes a linear combination of the instrumental value, the
engagement measure, and the informativeness measure of information with endogenous
weights. Second, we identify one optimal sequential information structure for the principal:
the principal sends a “dilution” of the overall information structure (a compound Poisson
process such that a signal arrives at a Poisson rate and upon arrival, the signal is distributed
according to the overall information structure).

Having described a single optimal strategy, we then show that the following features

must hold for any optimal strategy:

* Engagement-driven biases: We compare the optimal information structure with the

2We show that it is without loss of generality to assume the agent does not process the information selec-
tively; that is, the agent attends to the information the principal provides in equilibrium.
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benchmark solution when the agent chooses both the information and the stopping
time. We show that engaging with the platform leads to the agent being biased to-
wards “more extreme” beliefs relative to the agent-optimal benchmark. More specif-
ically, we show that the direction and magnitude of such biases are determined by

the principal’s engagement measure.

Leading Case: All Engagement is Profitable. Suppose that the principal’s engage-
ment measure is identical to the informativeness measure. In the internet platform
context, we interpret this case as one in which the agent is exposed to ads in propor-
tion to the content she receives, with no measurement of whether she attends to the
ads. In this case, the optimal information structure is narrow but deep: the principal
only provides information about the dimensions of interest to the agent. This infor-
mation is provided in a rare but chunky way, leading the agent to spend additional
time and acquire additional information relative to the agent-optimal benchmark.
This result echoes the observation that engagement-maximizing recommendation al-

gorithms often lead users down “rabbit holes.”

Leading Case: Decision-Irrelevant Engagement is Profitable. Now suppose that the
principal’s revenue comes exclusively from engagement with information that is ir-
relevant for decision. In the internet platform context, we interpret this case as one
in which the agent is exposed to decision-irrelevant ads, and the principal benefits
only when the agent engages with these ads (e.g. if ad revenue comes from the click
of an ad). In this case, we show that the optimal information structure is broad but
noisy: the principal provides excess information (e.g. sponsored content) that the
agent views as pure noise, intermixed with just enough decision-relevant informa-
tion to keep the agent engaged. This result echoes the observation that engagement-
maximizing recommendation algorithms often intersperse useful content with “click-

bait” and “stealth marketing” material.

Credibility-driven dynamics: To study policies that are credible under limited in-
tertemporal commitment, we introduce a notion of subgame perfection to our model.
First, we show that commitment has no value at all: the principal can achieve the
same payoff from the optimal commitment policy even under limited commitment.
However, limited commitment has strong implications for the dynamics of the pol-
icy: an optimal policy corresponds to a subgame-perfect equilibrium if (and nearly

only if) the induced belief process of the agent jumps between a small set of very



special beliefs, namely beliefs at which the agent is “as uncertain as” the prior belief.
As an implication, the optimal and credible signal process must be a generalized “di-
lution”: belief stays constant until a signal arrives at a Poisson rate. The signal brings
the posterior belief either to the stopping region or to another such special interim
belief. Consequently, the “dilution” policy we constructed earlier is indeed credible,

and is uniquely credible in certain symmetric settings.

The intuition for the result is simple: we show that the principal-optimal policy leaves
the agent with no surplus at the prior. If the agent were to become “more certain than”
the prior at an interim stage, the surplus from future information would be negative,
and the agent would stop engaging with the principal. On the other hand, if the agent
were to become “less certain than” the prior at an interim stage, her surplus from
future information would be positive. At this point, the principal would be tempted
to adjust the information process and extract more surplus at the agent’s expense.
Thus, the only possible interim beliefs are those that are exactly “as certain as” the
prior belief. Our main result in Section 4 is a formalization of this idea, along with
a precise definition of what it means to be more certain, less certain, or as certain as

the prior.

Our two leading cases are relevant to both the internet platform and teacher-student con-
texts. In the latter, they map to the degree to which the teacher values the student learning
about test-relevant vs. test-irrelevant information. A teacher who values student learning
but not test performance will provide just enough test-specific information to engage a stu-
dent who cares only about the test, while providing additional content that is not part of the
test. In contrast, a teacher who values all learning, regardless of whether it is covered on a
test, will optimally provide only test-relevant information while inducing students to learn

more test-relevant information than they would choose to learn on their own.

1.1 Related Literature

Our paper contributes to several strands of literature on the dynamic provision of in-
formation. Viewing our principal as a media company, our model is related to work on
models of media bias (see Gentzkow et al. [2015] for a survey). We share with Kleinberg
et al. [2022] an interest in explaining why the users of internet platforms would engage
heavily with those platforms while perceiving themselves as gaining little from doing so.
We derive this outcome as a result of strategic behavior by rational agents with conflicting

incentives; those authors emphasize the time-inconsistency of user preferences. We share
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with Acemoglu et al. [2021] an emphasis on explaining what kind of information is avail-
able on internet platforms; our analysis focuses on content selection algorithms, whereas
their analysis focuses on information sharing between users.

Closely related to our work is the literature on dynamic Bayesian persuasion (e.g. Ely
[2017], Renault et al. [2017], Ely and Szydlowski [2020], Orlov et al. [2020], Che et al.
[2020]) that build on the static model of Kamenica and Gentzkow [2011]. Our setting
differs from most of these papers in that our principal’s payoff solely depends on the en-

gagement of the agent and not on her ultimate choice of action.’

Most of these papers
focus on the “Bayesian persuasion” settings where the principal’s payoffs directly depend
on the agent’s action and the maximization of “engagement” is a side effect. Related papers
without capacity constraints include Knoepfle [2020], Koh and Sanguanmoo [2022], Koh
et al. [2024], and Sacedi et al. [2024].* These papers share several common predictions
with our model, including Poisson dilution signals and the minimization of ex ante user
welfare, indicating the robustness of these features across models. However, the absence
of an informational constraint in these papers also drives stark differences: these papers
predict full revelation of the state upon signal arrival, implying no bias from the agent’s
preferred posterior beliefs. Our analysis emphasizes the beliefs the agent will arrive at, and
how these differ between the principal’s optimal strategy and an agent-optimal benchmark,
a comparison that is not possible absent information processing constraints. We elaborate
further on the connection between our model and these models in Section 5. Our baseline
analysis studies a forward-looking agent and a principal with full intertemporal commit-
ment. Section 4.2 then asks which optimal policies remain credible without commitment,
in contrast to the limited-commitment settings in Orlov et al. [2020], Che et al. [2020] or
the myopic-agent settings in Ely [2017], Renault et al. [2017]. Interestingly, unlike the
findings in these papers, neither commitment power nor forward-lookingness of the agent
is necessary for sustaining our equilibrium strategy (see Section 4.2).

Our model predicts gradual information revelation over time, which is a feature shared
by many of the dynamic information design models (e.g. Ely et al. [2015], Horner and
Skrzypacz [2016], Che et al. [2020], Orlov et al. [2020]). However, unlike these papers,

3The leading case of our model in which all engagement is profitable is equivalent to one where the prin-
cipal’s only goal is to ensure the agent continues to pay attention, as in Kawamura and Le Quement [2019].
However, our principal presents unbiased information, and hence is not engaged in cheap talk (Crawford and
Sobel [1982], Cheng and Hsiaw [2022]).

4Knoepfle [2020]’s main focus is on the competition between multiple senders. The single sender case
of Knoepfle [2020] is the closest to ours. Koh and Sanguanmoo [2022] and Koh et al. [2024] focus on more
general implementability characterization. Saeedi et al. [2024] focuses on the case with asymmetric prior.



the gradual nature of belief evolution in our model arises from the agent’s information
processing constraint, as opposed to a desire to maximize suspense or address problems of
limited commitment. In particular, Che et al. [2020] predicts that the agent’s belief involves
Poisson jumps and a drift, while our optimal strategy admits Poisson jumps without a drift.

Formally, our approach is a principal-agent version of Hébert and Woodford [2023].
Those authors consider a model in which a single decision maker chooses both what infor-
mation to acquire and when to stop and act, whereas in our model the principal chooses
the information and the agent chooses when to stop and act. We compare our model to a
benchmark in which the agent chooses both the information and when to stop and act; this
benchmark is characterized by results found in Hébert and Woodford [2023]. We follow
Hébert and Woodford [2023] in assuming that the principal can choose any stochastic pro-
cess for the agent’s beliefs, subject only to the martingale requirement (which is imposed
by Bayesian updating) and the upper bound on the agent’s attention. We model this upper
bound using a “uniformly posterior-separable” information cost, in the terminology of the
rational inattention literature (Caplin et al. [2022]).0

The rest of the paper is organized as follows. We begin in Section 2 by describing the
basic environment of our model. Section 3 characterizes optimal policy in our baseline
model, with an emphasis on the beliefs the agent will hold when stopping. Section 4
discusses the dynamics of beliefs and the role of commitment. Section 5 discusses an

extension of our baseline model, and Section 6 concludes.

2 The Environment

2.1 The Agent’s Problem

We study the problem of a rational, Bayesian agent receiving signals about an under-
lying state for the purpose of taking an action. We model information acquisition as a
continuous time process, building on results in Hébert and Woodford [2023] and Zhong
[2022].

Let X be a finite set of possible states of nature. The state of nature is determined ex
ante, does not change over time, and is not known to the agent. Let ¢, € & (X) denote the
agent’s beliefs at time ¢ € [0,0), where & (X) is the probability simplex defined on X. We
will represent g, as vector in le_(‘ whose elements sum to one, each of which corresponds to

the likelihood of a particular element of X, and use the notation ¢; , to denote the likelihood

5Examples of such information costs include mutual information, as applied in Sims [2010], as well as
other proposed alternatives (Hébert and Woodford [2021], Bloedel and Zhong [2020]).
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under the agent’s beliefs at time ¢ over the true state being x € X. For each state x, we use
ex € Z(X) to denote the degenerate belief that state x occurs with probability 1.

At each time ¢, the agent can either stop and choose an action from a finite set A, or
continue to acquire information. Let 7 denote the time at which the agent stops and makes a
decision, with T = 0 corresponding to making a decision without acquiring any information.
The agent receives utility u, , if she takes action a and the true state of the world is x, and
pays a flow cost of delay per unit time, ¥ > 0, until an action is taken.%

Let u(q') be the payoff (not including the cost of delay) of taking an optimal action
under beliefs ¢ € Z2(X):

~r | !
u — max u .
(¢') = ma x;{ Gt

In what follows, the convex function & : &(X) — R will summarize the value the agent
places on information. This function, as opposed to the utility function u, ,, can be viewed
as the primitive “value of information when acting” in our model; nothing in our analysis
will depend on the nature of the action space A or on the predicted joint distribution of
states and actions. As a result, our analysis extends without modification to the case in
which the agent values information for its own sake (i.e. for non-instrumental reasons).

The agent’s beliefs, g;, will evolve as a martingale. This property follows from “Bayes
consistency.” In a single-period model, Bayes consistency requires that the expectation
of the posterior beliefs be equal to the prior beliefs. The continuous-time analog of this
requirement is that the belief process is a martingale.

Formally, let Q be the sample space. Let ¢ : Q x Ry — Z2(X) be a canonical cadlag
stochastic process on & (X), let {.% } be the natural filtration associated with this canonical
process, and let .# = lim,_,.%;. Let 7 be the set of non-negative stopping times with
respect to {. % }.

Given a probability measure P defined on (Q,.%), (Q,.#,{.%}, P) defines a probability
space. The agent’s problem, given this probability space, is to choose a stopping time to
solve

V(P) = sup E"[ii(g:) — k7|-F].
€T
®Note that we assume that the delay cost enters the agent’s utility additively and the agent does not
discount the utility from acting. Discounting, in our context, has the effect of changing the relative values of

acting and never acting, and for this reason would complicate our analysis; see the more extensive discussions
in Hébert and Woodford [2023] and Zhong [2022] on this point.




2.2 The Principal’s Problem

The principal chooses the information the agent receives so as to maximize engage-
ment. We begin with defining a measure for the agent’s information processing using a
continuous time version of what Caplin et al. [2022] call a “uniformly posterior-separable”
cost function, as described in Hébert and Woodford [2023]. Uniformly posterior-separable
cost functions are defined in terms of a “generalized entropy function,” H : Z(X) — R.
We assume that H is twice continuously-differentiable and strongly convex.” We assume
the agent can process information at a rate no greater than ¥ > 0. That is, the process

H(gq;) — xt must be an .%;-supermartingale, requiring that for all # and 6 > 0,

EP[H(q,15) — x(t+ 8)|.7] < H(q:) — xt, (1)

where we adopt the convention that ¢; = ¢ fort > 7.8

The principal’s goal is to maximize “engagement,” which is not necessarily the same as
maximizing the information acquired. Specifically, we assume that the principal earns prof-
its in proportion to cumulative information acquisition as measured by the convex function
G: P (X)— R,. The function G is not necessarily strictly or strongly convex, although
G = H will be one of our leading cases.

The principal’s goal is to design the agent’s belief process so as to maximize profits,
taking into account the fact the agent will know the nature of the beliefs process and op-
timally choose when to stop paying attention. Let go € Z(X) be the agent’s prior. The
principal chooses his policies from the set .7 (gp), which is the set of probability mea-
sures on (Q,.%) such that ¢ is martingale belief processes with ggp = go and non-negative
stopping times 7 such that (1) is satisfied. Formally, the principal chooses the probability
measure P, which is equivalent to choosing the law of the belief process ¢. In this sense,
the principal can choose any cadlag martingale belief process with gy = go, subject to the

constraint imposed by the agent’s information processing capacity.’

Definition 1. The principal’s problem given initial belief go € ?(X) is to maximize en-

7Le. the Hessian matrix of H is strictly positive definite.

8This constraint is equivalent to the one studied in Hébert and Woodford [2023] within the class of uni-
formly posterior-separable costs, allowing us to invoke their results.

° An alternative interpretation is that the principal can send more information than the agent can process,
in which case the agent chooses which information to attend to. Allowing the agent this choice cannot benefit
the principal, and it is therefore without loss of generality to suppose the principal chooses a process that
satisfies the agent’s information processing constraint.



gagement,

J(Go)= sup E"[G(g:) — G(q0)|F] (P)
(Pr)ed (Go)

subject to the agent’s stopping decision,

E"[i(gr) — xt|%0] > sup EF[i(gy) — kT'|-F0).
veT

2.3 Discussion

The generalized entropy functions G and H and value of information # play conceptu-
ally distinct roles in our model. The function H governs the agent’s information processing
constraint. It determines which kinds of information are relatively easy or difficult for the
agent to process. The function # describes the information the agent would like to receive,
and the function G describes the information the principal would like the agent to receive.

To simplify the discussion that follows, we will assume that the state space has a product
structure, X = X X X3, and that the agent values only information about x| € X; (i.e. @
depends only on the marginal posterior over X;). The agent benefits from learning about
x> € X3 only if doing so makes it easier to learn about x; € X;. Whether or not this is the
case is governed by the H function, and our general framework admits both possibilities.'?
We interpret x| as the useful content and x; as content that has no intrinsic value to the
user. Throughout the paper, we assume that the user “passively” learns about both x; and
x» whenever the principal supplies both types of content. This should be viewed as a tie-
breaking convention in favor of the principal: when processing decision-irrelevant content
lies within the agent’s capacity, the agent is indifferent between ignoring it and processing
it, and we select the equilibrium in which she processes it. In the internet platform context,
this can be interpreted as reflecting “stealth marketing” or “clickbait” behavior that makes
ads indistinguishable from relevant content.!!

We focus our discussion on the extent to which G differs from H and . One leading

case of interest is when G = H.'> We interpret this case as reflecting a kind of indifference

10The specific property of the H function that governs whether or not learning about x, makes it cheaper
to learn about x| is what Hébert and LaO [2023] call “R-monotonicity.”

T A formal proof of this equilibrium-selection result appears in Proposition 8 of the working paper version
of the paper [Hébert and Zhong, 2025].

12The case in which G is proportional to 7 is essentially identical to the G = H case, and for this reason we
will discuss only the latter.



on the part of the principal: he does not care what the agent learns about, only that she learn
as much as possible. In equilibrium, the constraint (1) will bind; as a result, “learning as
much as possible” is equivalent to “spending as much time learning as possible.”'> We will
show in this case that the signals sent by the principal maximize the utility of a hypothetical
agent with a lower cost of delay.

A second leading case is one in which G measures only information acquisition that is
irrelevant to the agent’s decision problem (i.e. it depends only on the marginal posterior of
X>). We interpret this case as capturing a multi-dimensional conflict between the principal
and agent over both how much the agent should learn and what the agent should learn
about. In this case, the signals sent by the principal are not equivalent to those that would
be chosen by a hypothetical agent with a lower cost of delay; the principal also distorts
the signals so that they are more informative about X,. In the special case in which H
is proportional to Shannon’s entropy, we derive a sharp result: the principal provides the
agent with information about x; € X; that is identical to what the agent would optimally
choose for herself, plus additional information about x, € X, that the agent would never
choose to receive.

There are also intermediate situations of interest. The information the principal would
like the agent to acquire might be of some use to the agent without being neutral or aligned
with what the agent would like to learn (i.e. G can depend in part of the posterior over
X1 without being a linear combination of # and H). Our two leading cases generate sharp

predictions precisely because they are extreme.

3 Optimal Policy

We start by defining a relaxed version of the principal’s problem. Any probability
measure and stopping rule the principal can implement will induce a probability measure
over beliefs the agent will hold when she chooses to stop (i.e. a law for g;). Define
I(go) = {mr € (X (X)) : E*[q] = go} as the set of probability measures over posterior
beliefs that are consistent with the initial prior. Under any feasible policy (P, T) chosen by
the principal, the law of the stopped belief ¢; induced by this policy will be an element of
I1(go), by the martingale property of beliefs.

The following lemma describes the date-zero participation constraint of the agent (i.e.,

3The authors would like to thank Emir Kamenica for suggesting this interpretation. Note that although
time spent and information processed are equivalent when (1) binds, they are not equivalent more generally
(e.g. if the principal sends no signals to waste time), which is why we describe the equivalence as “time spent
learning.”

10



incentive compatibility w.r.t. stopping at time 0) and an upper bound on the total engage-

ment.

Lemma 1. For all (P,7) € </(qo) satisfying the agent’s optimal stopping constraint in
Definition 1, the law T of the stopped belief qr satisfies:

1. E™u(q)] > kEP[t|.%0) +u(qo), and
2. E*[H(q) — H(Go)] < XE"[t].F0].
Proof. See Appendix A.1. [

Lemma 1 presents a necessary condition for any admissible policy for the principal in
the optimization problem (Definition 1). The first condition states that the agent’s optimal
stopping utility is weakly greater than the utility from stopping immediately. The second
condition states that the expected cumulative information acquired by the agent is weakly
less than y[E[7|.7]—the maximal attention permitted by the information constraint (1).

Combining these two constraints,
~ ~ K _
E"[i(q) — u(qo)] > KE"[|.F0] > EEE[H(Q) —H(qo)]-

Let us define the principal’s relaxed optimization problem as a maximization over I1(g)

incorporating only this combined constraint:

J(Go) = sup E"[G(q) —G(qo)] (R)
mell(qo)

sit. - E¥H(g) ~ H(d)) < Eilg) o)}

Because this combined constraint must hold in the original principal’s problem, we must
have J(go) > J(go).

We assume that (1) it is possible for the principal to benefit from engagement and (2) it
is prohibitively costly for the agent to learn enough information to achieve the principal’s
first best, to the point that the agent would prefer to learn nothing at all if confronted with

only these two possibilities. We maintain Assumption 1 throughout unless stated otherwise.

Assumption 1. The principal can benefit from engagement: maxycry(g,) E™[G(q)] > G(go).

However, it is not possible for the principal to achieve the principal’s first best: if m €

11



arg maxy (g, E™[G(q)], then

aa0)~ SH(@0) > E° [ﬁ(az) - §H<q>] |

This rules out the possibility that the principal either has no desire for the agent to
acquire information or the possibility of satiating this desire. It immediately implies that
the constraint in (R) will bind.

Define the function . as the Lagrangian associated with the dual of (R),
N K
ZL(m,A) =E" |u(q) - @ +26(9)] .

The following proposition characterizes the solutions of (R).

Proposition 1. A solution to (R) exists. Additionally,

there exists a A > 0 such that if T* is a solution to (R) then

" €arg max Z(m 1),
mell(go)

if ©* is a solution to (R), then the constraint binds,

*

gE” [H(q) ~ H(g0)] = E™ [u(g) — u(q0)].

if T* is a solution to (R), then starting (R) from any belief in the support of &*, it is
not possible to induce engagement, E* [J(q)] = 0, and

at least one solution to (R) has finite support.
Proof. See Appendix A.2. [

This proposition demonstrates that 7£* is the solution to a static rational inattention
problem, with a general UPS cost function (of the sort studied by Caplin et al. [2022]).
Those authors show that a necessary condition for * is that it concavifies the function

u— %H + AG.'* Here, @i captures the benefit of information to the agent, XH captures

l4Related results appear in earlier working papers by those authors and in the Bayesian persuasion litera-
ture.
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the costly delay required to acquire the information, and AG captures the benefit of the
information acquisition to the principal, converted to the units of the agent’s utility at the
rate A.

Engagement is infeasible (J(go) = 0) whenever the only 7 satisfying the constraint are
ones with E*[G(g) — G(go)] = 0, which is to say that it is not possible for the principal
to induce information acquisition in the dimensions he cares about. If G is strictly convex
(meaning that all information acquisition is at least somewhat beneficial to the principal, as
in the G = H case), this implies Supp(7) = {go}. When Supp(7) = {Go}, we will say that
m* is degenerate, and otherwise say that 7* is non-degenerate. '

Let us take as given a solution 7* to this relaxed problem, and consider how it might be

implemented in an incentive compatible way in the original principal’s problem.

3.1 Implementation

Take any non-degenerate 7 € I1(gp), and define the stochastic process g; as:

qr = Go + 1y, (=1 (Q — o), (2)

where Q € (X)) is a random variable distributed according to 7 and Ny(¢) is an indepen-
dent Poisson counting process with parameter . Here, g; is a compound Poisson process

that jumps according to 7 at rate ¢¢. We call such process ¢; an a—dilution of m.'°

Proposition 2. For all non-degenerate € I1(qo) that satisfy the constraint in (R), let @ =
m and let q; be the a-dilution of . Let P be the law of q; and let T = inf{t >
0:¢q; # Go}- Then (P,7) is feasible in (P) and implements utility level E*[G(q) — G(go)]-

Proof. See Appendix A.3. [

Note that Proposition 2 immediately implies that J = J; hence, we will not distinguish
between the two functions. Combining Lemma 1, Proposition 1, and Proposition 2, we

obtain the main characterization of the optimal policy:

1SWhen G is not strictly convex, meaning that there are some dimensions of potential information acqui-
sition the principal does not value, it is possible to have J(go) = 0 with a non-degenerate 7*. However, the
information acquired in this case generates no surplus for either the principal or the agent.

16pomatto et al. [2018] first introduce the notion of dilution. They define the dilution of an information
structure 7 as “producing 7 with probability ¢ and uninformative signal with probability 1 — &.” (the same
notion appeared in Bloedel and Zhong [2020]). Our notion of a-dilution is essentially the repetition of a
dilution in continuous time.
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Theorem 1. For all go € & (X), there exists a t* € I1(Gg) with finite support solving (R).
If Supp(*) = {Go}, any feasible policy is optimal. Otherwise, let a* = m,
and let (P*,T*) be the law and jumping time of the a*-dilution of w*. Then, (P*,T*) solves

the principal’s problem (P).

There are generally many optimal policies in the principal’s problem. First, there may
be multiple 7* that solve the relaxed principal’s problem (although uniqueness in static
rational inattention problems is guaranteed under certain additional assumptions). Second,
there are many stochastic processes ¢; (equivalently, laws P) and stopping times 7 that
induce the same law for ¢; provided that this law is equal to * and that incentive compat-
ibility and the bounds on information acquisition are satisfied, all such policies are optimal.
However, it is not the case that anything goes, as we show in section 4.

An immediate implication of Theorem 1 is that the agent’s participation constraint
binds. That is,

E [@lgs-) — xT°| Fo] = i(do)-

Strikingly, the agent is no better off receiving information from an engagement-maximizing
principal than if she could not receive any information at all. The principal extracts the
full surplus generated by the ability to produce information and apply it in the agent’s
decision problem, despite the agent’s ability to choose when to stop and act. The principal,
in maximizing the engagement of the agent, minimizes the agent’s welfare subject to a
participation constraint. Note, however, that the principal’s ability to extract all of the
surplus depends critically on the possibility of jumps in the belief process. We provide
an example in Proposition 7 in which beliefs are required to be continuous and the agent-

optimal outcome is attained.

3.2 The agent-optimal benchmark and extreme beliefs

We will compare our results to a benchmark in which the agent and not the principal
chooses the probability space and martingale belief process (subject to (1)). This bench-
mark is a special case of the more general models described in Hébert and Woodford [2023]
and Zhong [2022].

Those authors show that the optimal policies of this benchmark dynamic model are

also equivalent to the solution to a static rational inattention problem. That is, under the
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agent-optimal policies (P4, T4 ), given the initial belief gp € Z(X),

EfA[i(qz,) — xTa| F0] = VB(Go)

~ K ~
= max E*[u(q) - —(H(q) — H(q0))]. (B)
mell(go) X
This solution can be implemented, as above, by a compound Poisson process, but also by a

diffusion (and many other processes). The following characterization is straightforward.

Lemma 2. If the agent would choose to acquire information in the agent-optimal bench-
mark, the principal will induce engagement: for all ¢ € 2(X), if VB(q) > u(q) then
J(q) > 0.

Moreover, if Ty is a solution to (B), then starting (B) from any belief in the support of
Ty, it is weakly optimal for the agent to stop, E™ [VE(q) —ii(¢)] = 0.

Proof. See Appendix A 4. 0

This lemma highlights two points. First, if the agent would choose to acquire informa-
tion in the agent-optimal benchmark, the principal can profit by providing the agent with
information (although that information will not in general be the information the agent
would have chosen to acquire). Second, at any belief the agent might hold when stopping
in the agent-optimal benchmark, the agent must have no benefit from continuing to acquire
information.

The static rational inattention problem that characterizes stopping beliefs in the agent-
optimal benchmark is essentially identical to the one that characterizes optimal policy in
our principal-agent framework, except that the UPS information cost is %H (¢) in the bench-
mark problem and %H (¢) — AG(q) in the principal agent case. The similarity in structure
between these two problems will allow us to highlight the implications of engagement
maximization.

Let Q'(qo) € Z(X) be the union of the support of all optimal stopping beliefs in the
benchmark (i = a) and principal-agent (i = p) models. Let Conv Qi(q'o) denote the convex
hull of Q?(go). The following proposition demonstrates that the beliefs the agent will hold
after engaging with the principal are more extreme than the beliefs the agent would choose
to acquire in the benchmark model. This result follows from the observation that in both
models, stopping beliefs are characterized by the solution to a static rational inattention
problem, with a lower information cost in the principal-agent case than in the benchmark

case. There are three possible exceptions to this result. One is the case in which the
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principal can provide no strict incentive via information (V2(go) = u(qo)), in which case
0”(go) C Q*(go). The second is the case in which the agent-optimal beliefs lie on the
boundary of the simplex, in which case there may not be “room” for beliefs to become
more extreme. The third is the possibility that the marginal benefit to the principal of
additional information acquisition jumps downward exactly at the agent-optimal posterior

beliefs, which can be ruled out by assuming G is differentiable.

Proposition 3. Assume that G is continuously differentiable, V(go) > u(go), and that
0%(qo) is a subset of the relative interior of & (X). Then for all g € Q" (go),q ¢ Conv Q%(qo)-

Proof. See the appendix, section A.S. [

That is, the stopping beliefs in the principal-agent problem will lie outside the convex
hull of the stopping beliefs of the agent-optimal benchmark. When G is strictly convex,
it is also possible to show that the stopping beliefs in the agent-optimal benchmark are
in the relative interior of the convex hull of the stopping beliefs in the principal-agent
problem. However, when the principal profits only by providing the agent with irrelevant
information, G is not strictly convex, and the agent-optimal benchmark stopping beliefs
will not necessarily lie in the relative interior. Figure 4 below provides an example of this
possibility.

Extreme beliefs are a natural consequence of engagement maximization. By forcing
the agent to ultimately acquire more information than she would choose for herself (the
extreme beliefs), the principal can simultaneously delay the agent’s stopping decision while
providing information the agent is willing to attend to. Interpreted in the context of an
internet platform and a user, our extreme beliefs result implies that the platform should
provide in-depth content on a narrower set of topics than would be preferred by the user.
We can interpret this loosely as encouraging the user to go down “rabbit holes” that lead
to extreme beliefs. In the teacher-student context, extreme beliefs have a more benign
interpretation: the teacher induces test-motivated students to learn more than they would
choose to learn on their own.

3.2.1 Leading cases

Proposition 3 establishes that engagement maximization necessarily leads to more ex-
treme stopping beliefs relative to the agent optimal benchmark. In what follows, we provide
a more detailed analysis of the direction towards which engagement maximization biases
the beliefs in two salient settings. To help interpretation, we assume that the state space

has a product structure, X = X7 X X3, and that the agent’s decision problem u depends only
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on x; € X;. We further suppose that x; and x; are independent under the prior g, so that
an agent who receives signals that depend only on x; will not update about x,. Thirdly, we

assume throughout this subsection that H is the negative of Shannon’s entropy H>.

All Engagement is Profitable. When the principal benefits from all forms of engagement
by the agent (our interpretation of the G = H case), it is never worthwhile for the principal
to provide the agent with decision-irrelevant information. Instead, the principal induces the
agent to acquire more decision-relevant information than the agent would choose to acquire
on her own.

The following result shows that this is what happens in the principal-agent problem—
the principal will send the agent information about x; only. This occurs even though the
principal would benefit from the agent learning about x; as well. Intuitively, signals about
x1 and x, that benefit the principal equally take an equal amount of time for the agent to
process (because G = H), but only the former has a utility benefit for the agent. A principal
who was sending signals about x; could switch to sending signals about x1, relax the agent’s

t,]7

participation constraint,'’ and then profit by adjusting the signals so that they induced even

more extreme beliefs about x; for the agent.

Proposition 4. Suppose G = H. Then, (R) is solved by 7 that reveals x| only, i.e. for all
q € Supp(m) the marginals of g and Gy on X, are identical.

Proof. See Appendix A.6. 0

Decision-Irrelevant Engagement is Profitable. Let us now consider a different leading
case, in which the information that benefits the principal is irrelevant to the agent’s decision.
Maintaining the assumption of a product structure for the state space, an independent prior,
and that H is proportional to Shannon’s entropy, we now suppose that G depends only on

x, (recall that u depends only on x1).

Proposition 5. Suppose G depends on x; only. Then, (R) is solved by & = 7t} ® T, where
m; € (P (X1)) is optimal for the agent and mp € P (P (Xa)).

Proof. See Appendix A.7. [

When the principal cares only about providing decision-irrelevant information, the prin-

cipal will provide a mix of decision-relevant and decision-irrelevant information. The

7This argument depends on the assumption that sending a signal conditioned only on x; is least costly
way to communicate information about x1; that H is proportional to Shannon’s entropy ensures this.
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decision-relevant information will be exactly the information that the agent would have
chosen for herself, but the agent will be unable to avoid learning the decision-irrelevant

information that is “mixed in” with the decision-relevant information.'8

3.3 Illustrative Examples

Example 1. We illustrate our results thus far in a simple example. An agent faces a choice
between two actions, A = {I,r}. The payoffs from the actions are uncertain and depend
on the state of the world x € X = {L,R}. The agent assigns equal prior probability to
both states (go is uniform). The agent gets utility one when the chosen action matches the
state (u; 7, = u,g = 1) and utility negative one otherwise (u; g = u,; = —1). The agent is
impatient and pays a constant cost of delay of two utils per unit of time (kK = 2). We assume
that the information processing constraint H is the negative of Shannon’s entropy H>, and
that the engagement measurement function G is also the negative of Shannon’s entropy.
We assume y = 1.

By Theorem 1, the principal’s optimal strategy maximizes
E"[i(q) — (2= A)(H>(0.5) — H*(q))]
for some A € (0,2). Meanwhile, the agent’s optimal strategy maximizes
E7[q) - 2(H%(0.5) — H(q))]
Both problems are static rational inattention problems. An application of Matéjka et al.
[2015] implies that the agent’s optimal stopping belief has support {HLI, ﬁ} and the prin-
2/(2-2) 1

2141’ 2N 11
sures of stopping beliefs can be implemented by dilutions (compound Poisson processes).

cipal’s optimal stopping belief has support { } Both probability mea-
Since A > 0, it is easy to see that the principal induces more extreme posterior beliefs and
a longer wait compared to the agent-optimal benchmark.

Next, we vary the agent’s prior belief g, and focus our analysis on the agent’s posteriors.
Figure | illustrates the optimal g for every prior belief: When go < g or go > g, the agent
stops immediately no matter what information she will receive. When go € (¢,q), the
dashed lines illustrate the support of the agent-optimal policy. The lines are flat, meaning

that the agent’s stopping beliefs do not change with the prior belief, consistent with the

8We conjecture that the property required for the result is the R-mononticity property discussed in Hébert
and LaO [2023].
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prediction of the standard RI models.!® The solid curves illustrate the support of the unique
optimal *. They are closer to the boundaries zero and one, indicating that the posterior

beliefs become more extreme under the principal’s optimal policy.

qz
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<

Figure 1: Supp(gr) as a correspondence of go

Figure 2 illustrates the engagement level EP[G(g;) — G(go)] for every prior belief.
The dashed curves represent the agent-optimal policy and the solid curves represent the
principal-optimal policy. The principal-optimal policy induces higher engagement level
than the agent-optimal policy. However, the engagement level converges to zero when the

prior belief goes to the boundary of the continuation region (g,§).

Example 2: Leading Cases. We next adapt example 1 to illustrate our two leading cases,
in the context of engaging test-motivated students. Suppose the true state of the world T
consists of both a test-relevant and test-irrelevant dimension, 7 =71 x T» = {L,R} x {0, 1}.
The student and teacher know that the student will be asked a single question, Q = {Qo},
whose responses are A = {I, r}, with Qg(L0) = Qp(L1) =1 and Qp(R0) = Qp(R1) = r. That
is, the {L,R} component of the true state is relevant, and the {0, 1} component is irrelevant.
The teacher chooses the information flow, not the test itself. The student (agent) again
faces a binary choice A = {/,r}. The student’s utility is one if she answers the question
correctly and negative one otherwise, and therefore is identical (ignoring the test-irrelevant

dimension) to that in example 1. The prior belief is uniform. We continue to assume the

9This property is known as the “locally invariant posteriors” (Caplin et al. [2022]).
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Figure 2: Engagement as a function of g

agent’s information processing capacity is defined by the negative of Shannon’s entropy,

and continue to use the parameters Kk =2, = 1.

Leading Case: H = G. We first study the leading case of H = G, and illustrate Proposition
4 with a specific example. Like Example 1, both the principal’s and the agent’s optimization
problems are equivalent to static rational inattention problems. By re-parameterizing the
problems using the conditional probability of the chosen action, both problems can be

rewritten as:
1 1
sup Z ZM(G,II)P(alll,Q)—C' ZZZP(a|t1,t2)10g(P(a|t1,t2)

P(alty 1) aty by a b
1 1
_Z < Z ZP(a‘tl,l‘z)) log (Z ZP(a’ﬁ,Q))),
11,02 11,02

a

for C = 2 (the agent-optimal problem) and C =2 — A (the principal-optimal problem). Note
that replacing P(alt;,t; = 0) and P(alt;,t; = 1) with Plaln 70)J2rp(“|t“1) (denoted by P(alt;))
does not change the positive term while strictly reduces the negative term if P(a|t;,0) and

P(a|t2, 1) are not identical. Evidently, w.l.o.g., the optimization problem reduces to
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Figure 3: Leading case: H = G.

sup Z —u(a,t))P(alt;) —C- (Z %P(a\tl)log(P(a]tl))

_;’ %P(a|t1)10g (;%P(Clh‘l))) ;

which is equivalent to a static rational inattention problem with #; being the only unknown
state.’’ As shown in Proposition 4, when there is a test-irrelevant state that is costly to
learn about, no information about the state will be acquired either in the student-optimal
benchmark or in the principal-agent problem, even though the student learning about state
1, enters the teacher’s payoff function.

Figure 3 illustrates the analysis above. The tetrahedron depicts the probability simplex
that lies in R3. Each vertex of the tetrahedron is a degenerate belief (labeled by the state that
occurs with probability one). The red dot is the uniform prior. The hyperplane represents
the cutoff beliefs where the student is indifferent between actions / and r. To the right of
the hyperplane, gr > g;, and r is optimal. Vice versa for the left of the hyperplane. The two
blue dots are the student-optimal posterior beliefs. The two green dots are the solution to
the principal-agent problem. Evidently, all the dots are on a line segment, which illustrates
that the teacher provides only test-related information to the student. It is also evident that

the teacher provides more information than the student would choose for herself.

Leading Case: Decision-Irrelevant G. Now, we turn to the second leading case, in which
the teacher only cares about how much the student knows about the state #, € T; (the test-

20This equivalence is special to mutual information and is the implication of a more general “compression
invariance” property introduced by Caplin et al. [2022], Bloedel and Zhong [2020].
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irrelevant dimension). We assume that the teacher’s payoff is 2E*[|g;, —0.5]] if the measure
of stopping belief is 7, where g;, denotes the probability of , = 1 under the student’s stop-
ping belief. Note that this payoff function is equivalent to the instrumental value of infor-
mation in a hypothetical binary decision problem where the utility of matching (mismatch-
ing) the state y is 1 (-1). Theorem 1 shows that the teacher’s optimal policy maximizes the

following auxiliary problem (for some A > 0):

Sl;rp]En[ZMtz —0.5[+Aulq) —2A(H(q) — H(q0))],

which is equivalent to a hypothetical static RI problem where the decision maker has

four possible actions, whose utilities are

u(a,t) | LO RO L1 R1
a I+A4 1-42 —144 —1-24
a -2 1+A —-1-1 —1+A4.
a3 |—14+A —1—-4 1+4A 1-21
ag |—1-4 —-14+42 1-42 1+4

Per Matéjka et al. [2015], the solution is logit with probabilities proportional to exp(u(a,t)/(24)),
because the Shannon information-cost coefficient in the auxiliary problem is 2A. Along the

test-relevant dimension, the relevant odds ratios are

P(@|L0)+P(as|0) _  PlaiR0)+P(as|R0) _ 1

P(az|L0) + P(a4|L0O) P(az|RO) + P(as|RO) e

and the same ratios hold in states L1 and R1. Therefore the induced conditional distribution

over the test-relevant dimension is

P(alr) | LO&L1 RO&R1
al&ag, 1

_e_ 1

e+1 e+1 ’
1 e

w&ai| ZT A

which is identical to the student-optimal solution from Example 1. This is an illustration

of the conclusion of Proposition 5. Along the test-irrelevant dimension, however,

P(a1|L0) + P(az|LO) )3

e 9
P(a3|L0) + P(a4|L0O)
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Figure 4: Leading Case: Decision-Irrelevant G.

and analogously in the other states, so the teacher induces additional learning about #;.
The unknown parameter A can be pinned down by setting the student’s IC condition bind-
ing. The analysis above suggests that when the teacher only cares about test-irrelevant
knowledge, she gives the student exactly his preferred test-relevant information and extra
knowledge such that the student gets barely enough welfare to be willing to participate.
Figure 4 illustrates the analysis above. Except the green dots, the figure is exactly the
same as Figure 3. The green dots are the optimal posteriors of the principal-agent problem.
For any pair of green dots on the same side of the hyperplane, they equal the blue dot in
expectation. Their distance to the hyperplane is also the same as the blue dot, illustrating
that the teacher provides the student his preferred test-relevant information together with

extra test-irrelevant knowledge.

4 Characterization of dynamics

In Section 3, we showed that to solve for the optimal policy, it is sufficient to study a
simple static rational inattention problem (R) and implement the dynamic policy by diluting
the static solution. In this section, we seek to find necessary conditions that characterize the
dynamics of the optimal policy. For the purpose of characterizing optimal polices, for this
section, we focus on the non-degenerate case where the optimal policy is to acquire some
information (J(go) > 0 in the context of Proposition 1). We show that two desiderata—
interim incentive compatibility and credibility—jointly provide a tight characterization of

the belief dynamics.
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4.1 Implications of interim incentive compatibility

To begin, we define, given a measure 7 € &(Z(X)), the maximal value of information

acquisition in a hypothetical restricted static rational inattention problem:

Vr(g,m) = max E” |a(q") —ii(q) — - (H(¢) —H(q))| -

'€ (Supp(n)):E™ [¢')=q x
This problem maximizes the agent’s expected utility subject to the usual constraint of Bayes
consistency and the additional constraint that the posteriors lie in the support of w. We
use the notation Vg(q, ) to emphasize that the problem is restricted relative to the usual
rational inattention problem. Note that the problem is feasible only for ¢ that lie in in the
convex hull of the support of 7, which we denote by Conv(Supp(7)).

We interpret Vg(q, ) as describing the maximum possible value of information acqui-
sition, in the sense that Vg (g, ) is the difference between the best possible utility the agent
could achieve with and without information acquisition, under the restriction that the set of
stopping beliefs lie in the support of 7.2! We define the set of “suspensive” beliefs given 7

as the set for which the value of information acquisition is weakly positive.

Definition 2. Given 7 € Z(Z(X)), the belief g € Z(X) is suspensive if gcConv(Supp(7)) \
Supp(7) and satisfies Vg(g, ) > 0; the belief g € 2 (X) is decisive if ¢ € Supp(7).

Given a measure 7 that describes the stopping beliefs, it is intuitive that beliefs in
Supp(7) are “decisive” because they directly lead to stopping. At the suspensive beliefs,
the agent could benefit, relative to the prior consistent with 7, from the signals that the
principal is offering (which always result in some posterior in the support of 7). There-
fore, suspensive beliefs are those that the principal can possibly induce “suspense’ before
eventually leading the agent to stopping beliefs in Supp(7).

Suppose the optimal policy in (R), 7*, is unique. In this case, the stochastic process
for beliefs g; cannot leave the set of suspensive beliefs before t = 7. If ¢, left the convex
hull of the support of 7*, then £* would not describe the law of g;. If g; was decisive or
if Vg(g;,m*) < 0, the agent would choose to stop. In the case of multiple optimal policies,

this argument applies for some optimal 7*, which leads to the proposition below.

Proposition 6. Given gy € & (X), let IT* be the set of solutions to (R). Suppose (P,7)
solves (P) and sup .- VR(q, ) is a measurable function of q. Then, for everyt € [0,7), g;

2IThe value of information acquisition is related to, but not the same as, the notion of uncertainty defined
in Frankel and Kamenica [2019].
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is almost surely suspensive:

Prob” ( sup Vr(qr, ) > O’t < ’L’) =1.
el

Proof. See Appendix B.1. [

Solving (R) generically leads to the IC constraint binding, which suggests that the value
of acquiring 7* is exactly zero at the prior for the agent. The set of suspensive beliefs
thus defines beliefs that are “more uncertain” than the prior. Therefore, the interpretation
of Proposition 6 is that two types of signals appear in any optimal policy almost surely.
The first type are decisive signals that are so informative that the agent makes a decision
immediately after receiving the signal. The second type are suspensive signals that causes

the agent’s beliefs to move to a posterior that is “more uncertain” than the prior.

Implication: The Necessity of Jumps in Beliefs. A direct implication of Proposition 6
is that the optimal policy cannot involve continuous sample paths for beliefs (we assume
the initial prior lies in the continuation region). If sample paths were continuous, the be-
lief process g; would have to exit the set of suspensive beliefs, which would immediately
induce the agent to stop. Consequently, beliefs must jump discontinuously from the set
of suspensive beliefs (which lie in the continuation region of the benchmark model) to the
set of decisive beliefs, which lie in the strict stopping region of the benchmark model (by
Proposition 3).

To complement our discussion of the necessity of belief jumps, we analyze an extension
of our model in which the belief process is required to be continuous. Formally, let D¢ C
Rf(x) denote the set of continuous &?(X)-valued functions, i.e., all continuous paths. Let
27€(Go) denote the subset of .27 (Gy) whose probability measures P are supported within

DC. Consider the optimization problem:

JGo)= sup  EP[G(g:) — G(go)|-F0) 3)
(Pt)e/C(go)

s.t.7 € argmax B [i(qy) — k7' |.%].
veT

Equation (3) is the same as Definition 1 except that the set of admissible strategies is re-
stricted to have no jumps.
We begin our analysis of this restricted problem by observing that the agent-optimal

benchmark is unchanged. This follows from results in Hébert and Woodford [2023], who
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show that the agent-optimal policy can be implemented by a pure diffusion process. Let
E* = {qe€ 2(X)|VB(q) >u(q)} be the continuation region of the agent-optimal bench-
mark and E* be the closure of E4.

As we argued previously, the beliefs ¢; must lie in the continuation region of the agent-
optimal benchmark if ¢ < 7. Given that the .27 (o) admits only continuous processes, it

follows that the stopping beliefs must lie in £4.
Lemma 3. If (P, 1) is admissible in Equation (3), then Supp(q) C EA.
Proof. See the appendix, section B.2. [

If in addition there are only two states (|X| = 2), the locally invariant posteriors property
implies that the stopping beliefs will be identical to those the agent would choose in the
agent-optimal problem; the only alternative the principal could choose would involve less

information acquisition by the agent.??

Proposition 7. If |X| = 2, then J€(qo) is achieved by an agent-optimal policy.
Proof. See the appendix, section B.3. [

This proposition illustrates that the possibility of jumps in beliefs is required to guar-
antee the agent’s participation constraint will bind. Without jumps in the belief process,
the agent’s ability to stop at any time allows the agent to extract rents that would otherwise

accrue to the principal.

4.2 Implications of credibility

So far, our analysis assumes full intertemporal commitment on the part of the principal.
However, in practice, commitment power might be limited, leading to a credibility con-
cern. In this subsection, we tackle the issue of limited commitment by characterizing the
necessary and sufficient conditions for a policy to be credible, i.e., immune to deviations in
a subgame-perfection sense.

The definition of subgame perfection for a continuous-time game like ours is techni-
cally delicate. To avoid these complexities, we introduce the notion of a “strongly subgame-

perfect” equilibrium. An equilibrium is strongly subgame-perfect if the principal is not

22When there are more than two states (|X| > 2), the principal’s and agent’s optimal policies need not
coincide. Consider as an example the case of two actions (JA| = 2). The agent-optimal policy will in this case
involve a diffusion on a line segment within the probability simplex (see Hébert and Woodford [2023]). The
principal cannot induce the agent to follow this line segment beyond its endpoints, but can send the agent
signals that cause the agent’s beliefs to move orthogonal to this line segment.
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willing to deviate, even if he can deviate to the full-commitment solution, and likewise the
agent is willing to stop even if she can instead switch to the agent-optimal benchmark at
that point.

In an environment in which commitment is valuable, such an equilibrium cannot exist.
We will show in our environment that some (but not all) full-commitment solutions to
the principal-agent problem are strongly subgame-perfect in this sense, which is to say
that commitment has no value. Nevertheless, despite this lack of value, the principal’s
inability to commit will prevent some full-commitment solutions from being implemented

as equilibria of the game without commitment.

Definition 3. For every o € Z(X), (P,t) € <7 (qo) constitutes a strongly subgame-perfect
equilibrium of the game if the agent’s interim incentive compatibility constraints are satis-

fied and, in addition,

(i) the principal would not deviate to the commitment solution: V¢, Prob” (EP [G(gz) —

G(qr) —J(q:)|-F] = 0) =1, and

(i1) the agent, when stopping, would not prefer to continue under the agent-optimal
benchmark: Prob” (VB(g;) <ii(gr)) = 1.

Let? : 2(X)= ]R%r denote the correspondence from prior to the set of strongly subgame-

perfect equilibrium payoffs of the principal and agent.

This notion of strongly subgame-perfect equilibrium is “stronger” than subgame per-
fection in the sense that we overestimate deviation payoffs in conditions (i) and (i1): upon
a deviation at belief, we award the principal with the full-commitment payoff and the agent
with her agent-optimal payoff, respectively. If such an equilibrium exists, it is clearly sub-
game perfect in the usual sense as well.

In the analysis that follows, we will call a full-commitment optimal policy (P, 7) cred-
ible if (P, 7) is also a strongly subgame-perfect equilibrium in the game without commit-
ment. The following theorem shows that the optimal dilution policy we construct in sec-
tion 3 is indeed credible and hence constitutes a (strongly) subgame-perfect equilibrium.
To avoid technicalities, what we will not discuss is whether there are other subgame-perfect
equilibria that involve lower payoffs for the principal. Let Z(X)" := {qg € Z(X)|G(q) <

Y q:G(ex) }, namely, the set of beliefs that information has some value for the principal.

27



Theorem 2. Forall go € ¥ (X), J(Go) can be achieved via a credible strategy, i.e., (J(Go),0) €
Y (Go). Suppose (P,7) solves (P) and supp(qz) C Z(X)*. (P,7) is credible if and only if

the agent’s interim surplus is almost surely 0:
forallt, Prob” (EF[u(g:) —u(q) — k(t—1)|.%] =0) = 1. 4)

Proof. See Appendix B.4. [

Note that since (J(Go),0) € ¥ (o), J(Go) is itself a strongly subgame-perfect equilib-
rium payoff. Condition (i) in Definition 3 must be satisfied for any weaker equilibrium
notion that “selects SPNE in all subgames in favor of the principal.” Therefore, (4) is a
sufficient and necessary condition that guards the principal from deviations followed by a
favorable selection of continuing equilibrium.

Using this condition, we can characterize a set of beliefs that cannot be reached in
any credible solution to the principal-agent problem. To do this, we will define the set of
“strictly suspensive” beliefs. In parallel to our definition of suspensive beliefs, we start by
defining, given a measure 7 € Z(Z(X)), the minimal value of information acquisition in

a hypothetical restricted static rational inattention problem:

V(g m) = min E™ |i(q) —ii(q) -

K
, —(H(q")—H(q))|-
n'e 2 (Supp(m)):E™ [¢]=q x

We will say that a belief is strictly suspensive if this value is strictly positive.

Definition 4. Given & € 2 (2 (X)), the belief g € (X)) is strictly suspensive if ¢ € Conv(Supp(m)) \
Supp(7) and satisfies Vz(g,m) > 0.

Note the contrast between suspensive beliefs and strictly suspensive beliefs. A belief is
suspensive given 7 if the maximum value of information is weakly positive, but is strictly
suspensive only if the minimum value of information is strictly positive.

When 7’ = 7 is the only measure on the support of 7 that satisfies Bayes consistency,
there is no distinction between Vg and V.2 In this case, a belief is suspensive (resp.
strictly suspensive) when this function is weakly (resp. strictly) positive.

The following proposition demonstrates that a solution to the principal-agent problem

is credible only if interim beliefs are not strictly suspensive.

Z3This will be true generically when the number of actions is weakly lower than the number of states.
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Proposition 8. Given gy € & (X), let IT* be the set of solutions to (R). Suppose (P,7)
solves (P), supp(gz) C Z(X)", and infren+ Vg(q, ) is a measurable function of q. (P, 7)

is credible only if, for every t € [0,7), q; is almost never strictly suspensive:

ProbP( inf Vp(g,m) < O)I < ‘C) =1.

nell*
Proof. See Appendix B.5. U

Combining Propositions 6 and 8, in any solution that satisfies interim incentive com-
patibility and credibility, interim beliefs are suspensive but not strictly suspensive. They
must be suspensive, as otherwise the agent would choose to stop, but cannot be strictly
suspensive, as otherwise the principal would be tempted to deviate and extract more of the

surplus.

Implication: Credible Beliefs Cannot Diffuse. When beliefs are suspensive but not strictly
suspensive, the agent’s value function is equal to u(g;) at all times. This implies that a pure
diffusion process is infeasible almost everywhere in the continuation region. Because the
agent recognizes that the principal will leave her with no surplus, only information that
causes her to change her beliefs about the currently optimal action is valuable. If the belief
g 1s such that one action is strictly optimal given those beliefs (which will be true gener-
ically), the principal must offer at least the possibility of jumping to a different region in
which another action is optimal; otherwise, the agent will perceive no benefit from the in-
formation provided. In the internet platform context, we interpret this result as suggesting
that the principal provides the agent with news articles containing extreme or sensational
claims, which should cause the agent to either move her beliefs a lot or not at all, as opposed
to providing more nuanced or qualified information. In the teacher-student context, to en-
gage a test-motivated student, the teacher must provide signals that have some possibility

of changing the student’s belief about the correct answer on the test.

4.3 Illustrative Examples

Example 1 (continued). We illustrate Propositions 6 and 8 by continuing example 1. First,
focus on the ggp = % case. As is illustrated in Figure 1, the unique optimal 7* involves two
posterior beliefs {¢',4*}, where ¢' < g and ¢* > g. Per Proposition 2, the dilution of 7*
implements an optimal policy. In this case, the dilution of 7* is the unique optimal policy.

It is apparent from the symmetry of the problem that the value of information acquisition,
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Vg (g,m*), is maximized at ¢ = % As a result, the set of suspensive beliefs is a singleton,
{Go}. By Proposition 6, beliefs will remain at gy until they jump to either ¢' or ¢°.

When gy < %, the optimal policy is not unique. In Figure 5, we plot the simplest
dilution policy, where belief stays at g until it jumps to the two optimal posteriors ¢! and
g*. However, there can be other optimal policies. In this case, the set of suspensive beliefs
is [qo, 1 —qo]. Then, a full-commitment policy is optimal as long as beliefs remain in this
interval [go, 1 — o] until eventually jumping to either ¢! or ¢>. Specifically, Figure 6 plots
one of such policies: when belief is at gy or 1 — g, it either jumps to the closer boundary,
or drifts into the interior of (go, 1 —go). When belief is interior, it follows a diffusion. Here
Vr(q,m*) = Vg(q,7*) refers to the value of a restricted static redesign problem that keeps
the support of 7* fixed; it need not coincide with the continuation payoff under the actual
dynamic policy. Thus these objects can be positive on (gg, 1 — ¢o) even though the realized
equilibrium surplus at the prior is zero.

diffusion m
N T IA/—\I A

0 ¢ q0 l—=qo 22 10 4 90 l=go 22 1 ¢ @ qo0 l—qo 42

Decisive (Strictly )Suspensive Decisive Decisive (Strictly) Suspensive Decisive Decisive (Strictly) Suspensive Decisive

Figure 5: Dilution policy  Figure 6: Jump/diffusion policy Figure 7: Credible policy

However, if the principal would like the policy to be credible, the interim belief cannot
be strictly suspensive. In this example, Vg =V > 0 for all ¢, € (qo,1 — qo), which is to
say that these beliefs are strictly suspensive. It follows that a credible policy must satisfy
g: € {qo0,1 —qo}. Therefore, a credible belief process can only jump between g and 1 — go
or jump to ¢! and ¢?, as illustrated by Figure 7 (note that the dilution policy is also credible,
but the jump/diffusion policy is not credible). Figure 8 illustrates the sample paths of one
credible policy, in which beliefs jump between gg and 1 — gg before eventually jumping to

q' or ¢*.

2

1-Gor |

o -

g1 r

Figure 8: Sample paths of a credible policy
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Example 2 (continued). We next illustrate the implications of Propositions 6 and 8 by
continuing example 2, which discusses our two leading cases.

In the H = G leading case, as discussed above, beliefs move on a line segment. As
a result, even though the state space in example 2 is two-dimensional, our analysis for
example 1 still applies. Because the prior is uniform, the only suspensive belief is the prior,
and consequently the dilution policy is the unique optimal policy. This is illustrated below
in Figure 9.

In the decision-irrelevant G leading case, in contrast, there are four possible optimal
stopping beliefs under the unique 7* that solves (R). Because of the symmetry of the
problem, we will still have Vg = V&, and the set of beliefs that are suspensive but not
strictly suspensive are characterized by the level set Vg(g, 7*) = 0. These are illustrated by
the curves shown in Figure 10.

Any credible, incentive-compatible policy must maintain interim beliefs on these curves.
Because they are curves and not straight lines, this is not compatible with beliefs following
a diffusion process. But it is compatible with a wide range of jump processes, which are

the multi-dimensional analogs of the credible policies illustrated in Figures 7 and 8.

R1 R1
L1 L1
LO RO LO RO
— Credible interim beliefs — Credible interim beliefs
Figure 9: Credible interim beliefs Figure 10: Credible interim beliefs with a
when H = G decision-irrelevant G

5 Extension: Optimal Policy without Capacity Constraints

In this section, we consider a modified version of our model with a constant cost of
delay in which the agent has an unlimited capacity to acquire information, and the princi-
pal’s goal is to maximize the time spent by the agent on the platform. This modified model
is the continuous-time analog of the discrete-time models studied by Knoepfle [2020] and

Koh and Sanguanmoo [2022]. The purpose of this section is to illustrate the connection be-
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tween these models and a special case of our more general framework. The agent-optimal
policy in the modified model is for the agent to learn the optimal action with certainty
immediately, as this avoids entirely the cost of delay.

The principal in this case chooses his policies from the set .27 (), which is the set of
probability measures on (Q,.%) such that g is martingale belief processes with gg = go and
non-negative stopping times 7. Note that this set does not impose the constraint on the rate

of information acquisition, (1), that was imposed in our main analysis. The principal solves

J(@@)=sup EP[t]F)
(P)e (@)

subject to the same constraint with respect to the agent’s stopping decision,

/

T
T € arg ?Ga;EP[ﬁ(qT/) —/0 kdt|F).

The first part of Lemma 1 remains applicable: if 7 is the law of g;, we must have
E”[i(q) —u(go)] > kEP[t|.%o]. Now observe that the expected utility under 7 is bounded
above by the utility of fully learning the state. Let 7™ € &7(X) be the unique probability
measure that places full support on the extreme points of Z(X) (i.e. the e, basis vectors),
with 77 (ex) = Go x-

By the convexity of u, for all 7 such that E™[q] = o,

max ._

E™" [u(q) —u(qo)] = E*[i(g) —#(q0)] > KE"[t|.Fo] > kJ(do)-
It follows that Kk~ 'E™" [ii(g) — i(go)] is an upper bound on the utility achievable in this
problem.

But now observe that the a-dilution of 7™, as defined in (2), with intensity @ =
x(E™" [ii(q) —(go)]) ", achieves this bound. Moreover, the policy is incentive-compatible:
at each instant, the agent compares the utility benefit of the signal’s arrival, aE*" [i(g) —
u(qgo)], against the cost of delay, k, and is willing to continue. It follows that this policy is
optimal.

This policy is the optimal policy in a special case of our main model. Consider the case
of our main model in which k¥ = y and G(q) = H(q) = u(q). In this special case, 7™ is an
optimal policy in our relaxed problem (R), because the constraint in that problem satisfied

for any policy, and the process described in Proposition 2 is exactly the process above.
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The intuition behind this equivalence is that in our main model, it is always optimal for the
principal to exhaust the agent’s information processing capacity. If exhausting this capacity
necessarily involves satisfying the incentive compatibility constraint, then the principal is
free to choose the process that simultaneously exhausts the agent’s capacity and takes as

long as possible to reach a decisive belief.

6 Conclusion

We have considered the problem of a principal who provides information to an agent
so as to maximize the attention the agent pays to the principal’s information (engagement).
The agent values this information for instrumental purposes, is rational and Bayesian, and
faces a constraint on the rate at which she can process information. Our main results are
(1) that by maximizing engagement, the principal leaves the agent no better off than if she
could not receive any information at all, and (i1) that the agent will end up holding extreme
beliefs, relative to a benchmark in which the agent could choose the information for her-
self, and (iii) that optimal signals in the absence of commitment cannot either increase or
decrease the value of future information prior to stopping (i.e. that they are suspensive
but not strictly suspensive). Our results highlight the distortions created when information

provision is designed to maximize engagement.
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A Omitted Proofs for Section 3

A.1 Proof of Lemma 1
Proof. Condition (1): let T = 0. Under this policy, the agent’s utility from stopping is
(o). The optimality of 7 and E*[ii(q)] = E”[#i(g)] implies condition (1).

Condition (2): This follows from E*[H(q)] = E”[H(g:)], the optional stopping theo-
rem, and the supermartingale property of H(g,) — xt. The last two imply that EF[H (g;) —
x7] < H(qo)- u

A.2  Proof of Proposition 1

Proof. Assumption 1 implies that the constraint in (R) must be binding, as otherwise, the
optimal 7* will achieve the principal’s first best, leaving the agent with negative surplus.
Then, (R) is a convex optimization problem that satisfies the conditions in Theorem 4 of
Zhong [2018], which immediately implies the existence of A and of a finite support solution
TT*.

Next, we prove E” [J(g)] = 0. Suppose for the purpose of contradiction that E* [J(q)] >
0. For each ¢ € Supp(7*), let 19 be a probability measure that implements J(q). Define
' € I1(go) by dn'(¢') = E™ @[dn9(q)], observing that

E¥ g = EF WEF(¢)) = E7 V]q] = o.

Then,

E™(7)[G(q') - G(Go)] =E™ D[E™D[G(¢')] - G(g) + G(q) — G(do)]

]
]

=E™ D[E™)[G(q') - G(q)]] +T(qo)
=B 9[7(g)] +J(q0)
>J(go)-
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Meanwhile,

£ i)~ Sty - a0+ Shian)] =570 [0 [ -

. Hid) | -0+ 5 (@)

RNR|A XRIR

270 57 [atg) - En(q) -0+ S|

LEF@ {ﬂq) - Xhtq)-atan+ EH@O)}
>0.

Therefore, 7’ is feasible in (R) and strictly improves on *, contradicting the optimality of
n*. It follows by the non-negativity of J(g) that E* [J(g)] = 0. O

A.3 Proof of Proposition 2
Proof. Under the a-dilution policy, if t < 7,
E[H(qrys) = £t +8)|Fr, 7 > 1] = (1— " “°)EF[H(q) — H(Go)] +H (o) — % (1 +6).
Using o = ¥ (E*[H(q) —H(go)]) ' and x > 1 — e,
E"[H(qr45) = 2(1+8)|F1,7 > 1] < H(Go) — x(1)-

as required by (1). That constraint holds by assumption if # > 7.

By g ~ =, the principal’s utility is E*[G(g) — G(go)]. What remains to be verified is
the agent’s optimality condition.

Take any admissible stopping time 7/,

E[i(qy) — k7'|-F] =Prob(t’ < t|%) (i(g0) — KE” [7'|7' < 1,.%])
+Prob(7’ > 1|%) (E” [i(g:) — k7|7 > 1, %))
<Prob(7’ < 1|.%) (E™[u(q)] — kE"[7|.F] — kE” [7'|7 < 1, %] )
+Prob(t' > 1|%) (E*[i(q)] — kE” [t|7' > 1,.%])
=Prob(7’ < t|%) (E™[i(q)] — kEF [1|7 < 7,.%0))
+Prob(t' > 1|.%) (E*[i(q)] — kE” [z|7' > 7, %] )
=E"[i(gc) — k7| Fo).
The first equality is from the definition of conditional expectations, the process defining
g, equation (2), and the convention that g; = g for t > 7. The first inequality is from the
constraint E*[i1(q) — u(go)] > kE”[t]|.%0] in the relaxed problem (R) and E[z|7’ > 7] <
E[7'|t' > 1]. The second equality is from the memorylessness property of 7,>* and the last

from the definition of conditional expectations. Note that if the constraint in (R) is slack,

HSpecifically, EF[t|t' <1,%)] = EP[r—7|t' <1,%)] + EP[t|T <1, %] = EP[t|%)] +
EP [7'|7 < 1, %)
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the first inequality is strict if 7’ is not equal to T P-a.e. In this case, the o-dilution of 7

strongly implements principal’s utility level E*[G(g) — G(qo)]. O

A.4 Proof of Lemma 2
Proof. 1f VB(go) > u(go), then let w implement V2(gy). By the assumption that full in-

formation is strictly beneficial, let 7’ be the distribution of posterior beliefs corresponding
to full information and note by Assumption E™ [G(¢") — G(go)] > 0. Then, the dilution of
a convex combination of 7 and 7’ is feasible, incentive compatible for sufficiently small
weight on 7" and strictly profitable for the principal. Therefore, J(go) > 0.

Next, suppose for the purpose of contradiction that E™[V2(g) —(q)] > 0. For each
g € Supp(my), let 4 be the probability measure that implements V3(g). Define 7’ € T1(go)
by dn'(¢') = E™@)[d74(4')]. Then

B4 [atq) - Sn(¢) ~itan)+ Eti(an)| 5700 [ [a(q) - &
X X 4
:EnA(q) |:]E7r‘1(q’) [ﬁ(q’) _ %H(q') _ ﬁ(Q) + %H(q)} :|

L@ [f:(q) ~ ®H(q)— ldo) + %H(Q_O)}

=E™ 9 [VB(q) - i(g)] + V" (do) - (o)
>V8(g0) —u(qo).
This contradicts the optimality of 74, and by VZ(g) > fi(g) we must have E™[V5B(q) —
i(q)] = 0. 0

XA

A.5 Proof of Proposition 3
Proof. Let

U“(q) = iilq) — §H<q> and  UP(q) = U(q)+AG(q),

where A is the multiplier from Proposition 1.
We first note that A > 0. Indeed,

K
VE(Go) = —H(go)+ max E*[U%q)).
X m: E™[q]=4qo

Hence the assumption VZ(go) > u(go) implies

max  E*[U%(q)] > U(q0).
: E*[q]=4o
If A = 0, then Proposition 1 would imply that any principal-optimal distribution maximizes

E”[U%(q)], while the binding participation constraint in Proposition 1 gives
E™ [U“(q)] = U%(qo),
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a contradiction. Therefore A > 0.
Now fix ¢* € Q”(go), and let ” be a principal-optimal distribution with ¢g* € Supp(n?).
By the usual concavification/Lagrangian lemma for Bayes-plausible problems, there exists

an affine function L? such that
UP(q)—LP(q) <0 Vg€ Z(X),
with equality for every g € Supp(7?).

We first show that ¢* ¢ 0%(go). Suppose instead that ¢* € Q%(gp). Let n* be a
benchmark-optimal distribution with ¢* € Supp(7¢). Again by the Lagrangian lemma,
there exists an affine function L* such that

U'(q)-L%q) <0 Vg€ Z(X),
with equality for every g € Supp(w?).

Because ¢* € relint(Z(X)), the existence of these touching affine majorants implies
that U¢ and U? are differentiable at ¢g*. The only possible nondifferentiability comes from
the piecewise-linear convex function «, and an interior convex kink cannot admit a global
affine majorant touching from above. Hence

VL' =VU(q") and VL? =VUP(¢*) =VU(q")+AVG(q").

Therefore, for every g € #(X),

UP(q)=U"(q") <VU"(q")-(a—q"),
and

U%(q) —U(q") <VU“(q") - (a—q")
Subtracting yields

A(Glq) -G(q") <AVG(g)-(g—q")  Vge P(X).
Since G is convex and differentiable,
G(q)—G(q") =VG(q)-(g—q") Vg€ P(X).
Because A > 0, both inequalities must bind for every ¢. Thus G is affine on &?(X). But
then for every Bayes-plausible 7,
E”[G(q)] = G(E™[q]) = G(),
so J(Go) = 0, contradicting Lemma 2. We conclude that
0"(g0) N Q“(q0) = 2.

Now suppose ¢* € QP (o) N ConvQ“(go). By Carathéodory’s theorem, there is some

7' € P(Q%(d0)) such that E¥ [¢] = ¢*, and by ¢* & 0*(qo).
U“(q") <E™[U%(q)]-
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It follows by the convexity of G and A > 0 that
UP(q") =U%q") +AG(q") <E"[U%(q) +AG(q")] <E* [UP(q)],
which contradicts g* € Q”(go). We conclude that ¢* € QP(go) implies ¢* ¢ ConvQ“(go)
O

A.6 Proof of Proposition 4

Proof. Per Proposition 1, the optimal 7 necessarily leads to J(go) = E*[u(q) — u(go)]-
Then, (R) reduces to:

sup E”u(q) — u(qo)]
neP(2(X)):E"q]=q0

st E¥[H(q) — (@) < E*[lq) ~ )]

Proposition 1 implies that 7 could be picked with finite support. Let s be the signal that
induces 7 per the Bayes rule. Let p(s|x,x2) denote the conditional distribution of s. Let s’
be another signal that has conditional distribution p(s’ = z|x1,x2) = E?[p(s = z|x1,x2)|x1],
i.e., s’ contains s’s information about x; only. Let 7’ be the distribution of posterior induced

by s'. Evidently, since u depends on x; only,
E™[u(q) —(go)] = E™ [i(q, dolx,) — 1(do)] = E™ [u(q) — u(qo)]-
Therefore, 7’ is feasible. Next, we show that 7’ weakly improves 7. Note that
E"[H (q) — H(qo)] = I(s;x1,%2) = E® Dk (p(slx1,x2))|p(s)];
E” [H(q) — H(qo)] = 1(s'3x1,22) = E® [Dg (p(s'|x1)) | |p(s))]
= E"[H(q) — H(q0)] — E" [H(q) — H(q0)]
plebie) | plsln)
p(s) p(s)
[DkL(p(slx1,x2)||p(s]x1))] > 0,
strictly if p(s|xi,x2) # p(s|x;) for some (x,x;) in the support of Go.

E% |log
do

A.7 Proof of Proposition 5

Proof. We slightly abuse notation and let x,x; denote the random variables that determines
the state realization. Vr, let m; = 7|x,. Let s; be the random variable that is independent
to xp and induces posterior belief 7; for x;. Let s, be the random variable that induces
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posterior belief . Let I denote mutual information. Then,
E*[H(q) — H(qo)] =I(s1,52;x1,%2)
=I(s1,52;x1) +1(s1,52;%2|x1)
>1(s13x2) +1(s2;x2|x1)
=I(s1;3x0) +1(s2,x15x0) — I(x15%2)
=
>1(s15x2) +1(s25x2)
=E™[H(q,q0lx,) — H(q0)] + E™[H (qolx,,9) — H(qo)].
In the derivation, (g,goly,) denotes the belief vector where the probability of state x is

given by g and the probability of state x, is given by g restricted to x,, respectively. Belief
vector (golx,,q) is defined analogously. Therefore, let 7' = m; ® s,

E”[H(q) — H(g0)] > E™[H (q,dolx,) — H(Go)] +E™[H (Golx,q) — H(qo)] = E* [H(q) — H(qo));

E"[ii(q) —u(go)] = E™ [@(q,Golx,) — (o)) = E™ [i(g) — u(qo)];
E*[G(q) — G(q0)] = E™[G(qolx,,9) — G(q0)] = E" [G(q) — G(do)]-
Then, 7’ is feasible and weakly improves 7. Proposition 1 implies that J(go) can be solved

by maximizing

EmET [g(q) _ %H(q) + /IG(CI)]

R B K _ K _ -
=E™ [“(CI,QO|X2) - ;H(quom)] +E™ [—EH(QOHN‘I)+7LG(‘10|X1"1> '

N

-~

maximized by 7} solving VB

B Omitted Proofs for Section 4

B.1 Proof of Proposition 6

Proof. By Theorem 1, there is some 7 € IT* that is the law of g under the optimal policy.

By the martingale property of the belief process, ¢; = E[q;|.%;,t < t] for allt € [0, T), and

thus g; must lie in the convex hull of the support of 7; hence, VR(q,, ) is well defined.
For the purpose of contradiction, suppose that the inequality in Proposition 6 does not

hold. Then, there exists € > 0 and a positive probability event Q' € .Z;|;-¢ s.t. Voo € Q/,

Vr(g:(®),m) < —€. By the definition of V,

E [alg0) - ta) - 5 (Higo) - Ha)|r < n o @] < .
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However, this violates the incentive compatibility condition of the agent. By deviating to
stopping immediately at event Q’, the agent’s expected utility improves by € - Prob” (Q).
Contradiction. O

B.2 Proof of Lemma 3
Proof. Define:
v = T A g, first leaves EX.

By definition 7/ < 7. Let E4 denote the closure of E4. Since Supp(qy_) C E4, Supp(g+/) C
EA. We prove by contradiction that 7 = 7. Suppose 7’ < 7 on a positive measure, on which
E” [i(g:) — (v —7') - k|t' < 7] =E" [E” [i(g:) — (v —7') - k|t'] |7/ < 7]

<EF [i(g)|7 < 7].
The inequality is from the fact that 7 < T = gy ¢ E?. Therefore, 7’ strictly improves

upon T; hence, 7 is not incentive compatible. The contradiction implies that Supp(g;) C
EA. O

B.3 Proof of Proposition 7

Proof. Asis discussed in Section 3, the agent-optimal policy can be solved by concavifying
u(q) — %H (q). Therefore, there exists a linear function L(g) that is weakly higher than
u(q) — ’%H (¢) and tangents it at two beliefs ¢' < gy < ¢g>. WLOG, let ¢' and ¢° be the
smaller and largest such beliefs, respectively. Since i — %H is piece-wise strictly concave,
the interval [¢', ¢?] is bounded away from the rest of E*.

Lemma 3 implies that any admissible principal’s strategy has Supp(g;) C EA. More-
over, any continuous path that starts from g and ends outside of [g',4?] leaves E“; hence,
it is not admissible. Therefore, Supp(gz) C [¢',4?].

Therefore, J€(go) is bounded above by the following relaxed problem:

sup  E7[G(q) — G(4o)]-
re2(2 (4" .4*))

Suppose G is affine on [g',¢?], then the principal is completely indifferent between any
strategy; hence, the agent optimal strategy is optimal for the principal as well. If G is not
affine on [g!,4?], the relaxed problem is solved by 7* with support {ql,qz} (such m* is
unique). By Hébert and Woodford [2023], there exists a Gaussian process that implements
n* and satisfies the information constraint. Note that this Gaussian process also implements
the agent-maximal continuation payoff (the upper concave hull of u(g) — %(H (9)—H(q:)))
for every interim belief; hence, it is incentive compatible. L]
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B.4 Proof of Theorem 2

Proof. Sufficiency: condition (ii) of Definition 3 is a direct implication of Propositions 1
and 2. Next, we verify condition (i). Suppose for the purpose of contradiction that condition
(1) is violated, i.e. there exist some ¢, a positive probability Borel set B € .%; and € > 0 s.t.
VB' C Band B’ € .%,,
E”[G(¢z) — G(ar)|o € B] <E"[J(qr)|0 € B] —&;

Let 7r6’1 be the policy that implements J(g) for each ¢. Let & be the distribution of gr.

Then, the inequality above implies
EP[E™(@[G(q)|o € B|P(B) +E’[G(g:) o & B|(1 - P(B)) > E*[G(q))
Meanwhile, (4) implies that
E"[i(ge) —(gr) —x(7 1) € B] = 0.

Since each 7, is incentive compatible itself,

EP[E™ @ [ii(q) — (g, () — §<H<q> — H(g:(0))]|o € B
>0 =EP[ﬁ<qT>—ﬁ<q,>—§<H<qf>—H<qz>>|weB]

— EP[E" [i(g) - §H<q>1|w € B] > EP[ii(qz) — %Hw\w € B

The two inequalities above implies that the probability measure 7”7 = EP [ﬂét( w)|a) €
B|P(B) +E"[§,,|® & B](1 — P(B)) is feasible in (R) and strictly improves upon 7, leading
to a contradiction.

Due to the sufficiency result, the dilution policy defined in Theorem 1 specifies a strong
equilibrium.

Necessity: Suppose for the purpose of contradiction that the equality doesn’t hold.
Then, there exist some ¢, a positive probability Borel set B € .%; and € > 0 s.t. VB’ C B and
B' e 7,

Ei(gz) —t(qr) — k(t—1)|w € B] > €

R [mqf) (g -

Let] = max,c o (x) (Z C]xH(ex) - H(Q)

of qz|g,= for g € suppg;. Let 7] = &, +

" (% i) - a(a) - 5 (H0) - H(@)| [0 5| 20

—~

(H(ge) — H(g)))|o € B'] e

. Let 8 =1/(I+¢€). Let m, be the distribution
1 — &)Y grey. Then, by construction, VB’ C B,

XA

TN

Since 7, leaves the agent with non-negative utility, it is feasible in (R); hence, (@) (G(q)—
G(¢:/(®))] < J(g:/(w)). By assumption, supp(q:) C & (X)"; hence, supp(gq;) C L2(X)*
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due to the martingale property. Therefore, VB’ C B, EP[G(q;)|w € B') < EF[Y gx(0)G(ey)|@ €
B']. This implies,
E”[G(qs) ~ Glai(@))|@ € B < E” [E™ [G(q) — G(g:())] |0 € B| <E U (g))|o € B
This violates condition (i), which states

Prob (E”[G(qc) ~ Gla) ~J(a)| 7] 2 0) = 1.

B.5 Proof of Proposition 8
Proof. By Theorem 1, there is some 7 € IT* that is the law of g; under the optimal policies.
By the martingale property of the belief process, ¢; = E[q;|.%;,t < 7] forallt € [0, T), and
thus g; must lie in the convex hull of the support of 7.

For the sake of contradiction, suppose Proposition 8 does not hold. Then, there exists
positive probability event B’ € .%; ;< and € > 0 such that Vo € B/,

inf KR(qt(w)77r) Z €.
mwell*

Then, EF [ﬁ(qf) —ul(qs) — %(H(qr) —H(q[))’a) € B’] > ¢, i.e., the agent obtains positive

interim surplus on positive probability event B, which violates Theorem 2. 0
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